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Abstract—Feedback controller design for multivariable mo-
tion systems presents a challenge due to the numerous tuning
parameters and complex coupling dynamics. The aim of this
paper is to develop a data-driven design procedure for decen-
tralized feedback controllers in multi-axis motion systems. The
decentralized feedback controller in each axis is constructed
in an add-on structure, and the parameters are designed by
iterative convex optimization using frequency response data. The
developed approach enables interpretability in the optimized
feedback controllers due to their structured representation, and
the coupling dynamics between each axis can be considered by
the data-driven optimization. The performance improvement is
validated through numerical simulation based on experimental
data from a 3-DOF high-precision motion system.

Index Terms—PID controller, Resonant filter, Loop shaping,
MIMO system, Frequency response data, Convex optimization

I. INTRODUCTION

In the feedback controller design of multi-input multi-output
(MIMO) motion systems, frequency response data-driven op-
timization has the advantage of tuning numerous parameters,
compared to single-input single-output (SISO) motion systems
with fewer tuning parameters. For the interpretability of the
feedback controller, the structured feedback controller design
via convex optimization using frequency response data is
developed, such as the Proportional-Integral-Derivative (PID)
controller [1] that can be extended to the MIMO system [2],
[3], [4], and peak filter [5] that is successfully implemented to
the industrial MIMO motion system with complex coupling
dynamics. In the structured feedback controller design, the
resonant filter can cope with the disturbance at the specific
frequency [6], and that is also successfully applied to the
industrial MIMO motion system [7].

To balance the trade-off of the performance enhancement
with several feedback controllers, the controllers should be
designed simultaneously, such as a P-PI controller and a
self resonance cancellation [8], a PID controller and an all-
pass filter [9], in addition to a notch filter [10], but the
optimization becomes nonlinear and non-convex. The linear
parameterization enables the convex optimization of feedback
controllers, which is successfully applied in notch and peak
filters [11], and stable and unstable resonant filters [12].
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Fig. 1. Schematic illustration of the 3-DOF motion system.
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Fig. 2. Block diagram of the 3-DOF decentralized controlled system.

Although several approaches have been developed for the
structured feedback controller design using frequency response
data, the trade-off of the disturbance rejection performance
between the low and specific frequencies is not explicitly
taken into account. In this paper, the developed approach
provides the simultaneous design of the PID controller for
the fundamental disturbance rejection performance at the low
frequency and the resonant filters for the enhanced disturbance
rejection performance at the specific frequency.

The main contributions of this paper are as follows.
(C1) Feedback controllers for low and specific frequency dis-

turbances are designed simultaneously to maximize the
disturbance rejection performance.

(C2) Feedback controllers are designed by iterative convex
optimization using frequency response data of a multi-
axis motion system.

II. PROBLEM FORMULATION

Fig. 1 shows the schematic illustration of the 3-DOF high-
precision motion system with (x, y, θ)-axes. Fig. 2 shows
the 3-DOF decentralized controlled system. In this paper,
the decentralized feedback controller K is designed for the
MIMO controlled system G to reject the output disturbance



Fig. 3. Bode magnitude plot of frequency response in the 3-DOF experimental setup. Frequency response data G(jωkf
) is shown in ( ) and the diagonal

rigid body model Gd(s) is shown in ( ).
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Fig. 4. Inverse disturbance spectrum. Vertical black dotted lines ( ) correspond to resonance frequencies of designed resonant filters.

d. The Bode magnitude plot of the 3-DOF experimental
setup is shown in Fig. 3. The inverse disturbance spectrum
is shown in Fig. 4, which is obtained by the error frequency
spectrum in the pre-experiment multiplied by the inverse of
the sensitivity function matrix. The problem addressed in
this paper is the decentralized multi-axis feedback controller
design with respect to the following requirements.

(R1) Feedback controllers for low and specific frequency dis-
turbances should be designed simultaneously to balance
the trade-off of the Bode sensitivity integral.

(R2) Numerous tuning parameters of feedback controllers in a
multi-axis motion system should be designed by convex
optimization.

III. FREQUENCY RESPONSE DATA-DRIVEN MULTI-AXIS
ADD-ON STRUCTURE FEEDBACK CONTROLLER DESIGN

A. Definition of add-on structure feedback controller

For the decentralized feedback controller design in the
MIMO system, the add-on structure feedback controller in

each axis is shown in Fig. 5 and is defined as
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where the proportional, integral, and derivative gains are
ρky,p, ρky,i, and ρky,d. The number of the resonant filters
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Fig. 5. Block diagram of add-on structure feedback controllers in each axis.

in each axis is nr,ky
and the index of the resonant filters

is kr = 1, . . . , nr,ky
. The phase, gain, resonance angular

frequency, and damping coefficient of the resonant filters
in each axis are ρky,(kr,1), ρky,(kr,2), ωr,ky,kr , and ζr,ky,kr .
The index of frequency response data is kf = 1, . . . , nf .
The tuning parameters are defined as ρky

∈ R3+2nr,ky . The
linear representation of the tuning parameters ρ and the basis
functions ϕ enables the iterative convex optimization using
sequential linearlization with the frequency response data. The
add-on structure has an advantage in the flexibility to accom-
modate the disturbance characteristics and the interpretability
of the designed feedback controller for industrial applications.

B. Frequency response data-driven performance evaluation

The frequency response data of the controlled system is
defined as

G(jωkf
) = G(ky,ku)(jωkf

), (2)

where ku, ky ∈ {x, y, θ} are the indices of inputs and outputs,
and the numbers of the input and the output are nu = ny = 3.

The element of the disturbance frequency spectrum matrix
is defined as
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where the disturbance frequency spectrum in each column
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where the number of the disturbance frequency spectrum is
set to the same as the number of the input and the output
of the controlled system for the matrix inverse calculation, as
nu = ny = nd. The error frequency spectrum matrix with the
designed feedback controller is given by

E(jωkf
,ρ) = S(jωkf

,ρ)D(jωkf
), (5)
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Fig. 6. Vector locus with resonant filter and robust stability condition.

where the sensitivity function matrix is S(jωkf
,ρ) = (I +

G(jωkf
)K(jωkf

,ρ))−1 ∈ Cny×ny with the designed feed-
back controller K(jωkf

,ρ). In MIMO systems, the unit of
each output is different in several industrial applications, such
as translation and rotation. Therefore, the normalized error
frequency spectrum matrix is given by

W−1E(jωkf
,ρ) = W−1(I +G(jωkf

)K(jωkf
,ρ))−1D(jωkf

), (6)

where the scaling matrix is W ∈ Rny×ny .
When nu = ny = nd, the inverse of the normalized error

frequency spectrum matrix is given by

E−1(jωkf
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)K(jωkf

,ρ))W . (7)

The performance is evaluated as the minimum square Frobe-
nius norm of the normalized inverse error frequency spectrum
matrix at each frequency, and the objective function is given
by

maximize
ρ

min
∀kf

∥D−1(jωkf
)(I +G(jωkf

)K(jωkf
,ρ))W ∥2F . (8)

From the characteristics of the Frobenius norm and the sin-
gular value, the objective function becomes the sum of the
inverse square singular value of the normalized error frequency
spectrum matrix. In this formulation, the linear parameteri-
zation of the tuning parameters and the basis functions is
maintained, which enables the iterative convex optimization
using sequential linearlization.

C. Constraints of robust stability condition

In this paper, the robust stability condition consists of the
gain and phase stability conditions, as shown in Fig. 6. The
gain stability condition is defined as

|ws,ky
(jωkf

)| −
∣∣1 +G(ky,ky)(jωkf

)Kky
(jωkf

,ρ)
∣∣ ≤ 0, (9)

where the weighting function of the upper bound gain in the
sensitivity function is ws,ky

(jωkf
). Although the constraint

of the sensitivity function is commonly used in the feedback
controller design using frequency response data, the stability
cannot be guaranteed only with the gain stability condition
in the use of a controller that changes the gain and phase
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Fig. 7. Bode diagram of example ( ), initial ( ), and optimized ( ) controllers. Vertical black dotted lines ( ) correspond to resonance frequencies
of designed resonant filters.

TABLE I
PARAMETERS IN DENOMINATORS OF RESONANT FILTERS.

x1 x2 y1 y2 θ1
ωr 2π × 111 2π × 373 2π × 187 2π × 257 2π × 111
ζr 0.01 0.5 0.2 0.15 0.01

with resonant modes, and the phase stability condition is
introduced. The phase stability condition is defined as
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where Gd,ky is the diagonal rigid body model and K0,ky is the
initial diagonal PID controller. The phase stability condition
represents that the vector locus with the optimized feedback
controller is between the angle ±90◦ of the angle from the
origin of (−1, j0) to the normalized characteristics with the
rigid body model and the PID controller. By integrating the
gain and phase stabilization conditions, the vector locus with
the optimized feedback controller must be on the same side
as that of the normalized ones against (−1, j0) and outside of
the modulus margin.

D. Optimization problem formulation

The optimization problem is formulated as

maximize
ρ

γ (11a)
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where the objective function is defined in the constraint with
the parameter γ ∈ R+

0 of the objective function. The optimiza-
tion problem can be solved by iterative convex optimization
using sequential linearization [7].

IV. NUMERICAL SIMULATION IN 3-DOF MOTION SYSTEM

A. Condition

The number of frequency response data points is nf =
3245, and the data points are arranged at linearly even intervals
in the range from 10Hz to 1000Hz. The frequency response

data of the 3-DOF experimental setup G(jωkf
) is shown in

Fig. 3. The frequency response data of the inverse disturbance
spectrum is shown in Fig. 4.

The Bode diagrams of the example and initial feedback
controllers are designed heuristically as shown in Fig. 7. In
the example feedback controller, the notch and peak filters are
designed to cancel out the resonance and antiresonance of the
diagonal terms, and the PID controller is designed by the pole
placement method for the diagonal rigid body model.

In the initial feedback controller, the PD controllers are
designed by the pole placement method for the diagonal rigid
body model. Note that the integral gain of the initial feedback
controller is ρi = 0 in each axis because of the PD controller
structure, but the ρi can have a value in the optimized feedback
controller through optimization. In the optimized feedback
controllers, the time constants of the derivative controllers τd
are set to the same as those of the initial ones.

In the initial feedback controller, the resonant filters are
designed only for the stabilization of the resonant modes in
the diagonal terms, and the gains of other resonant filters are
set to 0. The resonance angular frequency ωr and damping
coefficients of the resonant filters are pre-defined as TABLE I
from the shape of the disturbance spectrum.

In the robust stability condition, the modulus margin is
set to 1/ws = 6dB. The scaling matrix W is designed as
a diagonal matrix with the root mean square error for each
axis in the pre-experiment with the example controller. The
iterative calculation in the optimization is continued until the
improvement of the objective function is less than 0.1%. The
optimization problem is computed in several minutes by the
laptop with YALMIP [13] MOSEK [14] in MATLAB R2024b.

B. Optimization result

The Bode diagrams of the optimized feedback controllers
are shown in Fig. 7. The Bode magnitude plots of the diagonal
SISO sensitivity functions with example, initial, and optimized
controllers are shown in Fig. 8. It shows that the feedback
gains at the low frequency with the optimized controller
become higher compared to those with the initial controllers.
Both the PID controllers and the resonant filters are optimized
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Fig. 8. Bode magnitude plot of SISO sensitivity functions with example ( ), initial ( ), and optimized ( ) controllers. Constraints of 6dB sensitivity
peaks are shown as horizontal black solid lines ( ). Vertical black dotted lines ( ) correspond to resonance frequencies of designed resonant filters.
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Fig. 9. Nyquist diagram with example ( ), initial ( ), and optimized ( ) controllers. 6dB modulus margins are shown as black solid circles ( ).

simultaneously as the sensitivity functions follow the shape of
the inverse disturbance spectrum to improve the disturbance
rejection performance.

Nyquist diagrams of the diagonal SISO open-loop systems
with example, initial, and optimized controllers are shown in
Fig. 9. It shows that the optimized controllers satisfy the robust
stability conditions, which are not satisfied by the example and
initial ones.

C. Performance evaluation

After the optimization, the eigenvalue loci are used for
the analysis of the necessary and sufficient stability condition
in MIMO systems. Fig. 10 shows the eigenvalue loci with
example, initial, and optimized controllers. It shows that the
eigenvalue loci in the example controller have several changes
from the SISO Nyquist diagram because of the coupling
dynamics between each axis. In contrast, the eigenvalue loci
in the initial and optimized controllers are consistent because
of the phase stabilization of the mechanical resonant modes
that reduces the coupling effects between each axis.

For the MIMO performance evaluation, the cumulative
amplitude spectrum errors in each axis are shown in Fig. 11.
It shows that disturbance rejection performance is improved

at the frequencies with resonant filters, and the total per-
formance is balanced with the trade-off to the disturbance
rejection performance in the low frequency. From the identity
of Parseval’s theorem between the time domain signal and the
frequency domain signal in the square integral, the cumulative
amplitude spectrum errors are identical to the root mean square
errors in the time domain error signals. From that identity,
the root mean square errors in each axis are improved by the
optimized feedback controllers in all (x, y, θ)-axes compared
to the example and initial ones.

V. CONCLUSION

Feedback controller design for multivariable motion systems
presents a challenge due to the numerous tuning parameters
and complex coupling dynamics. In this paper, a data-driven
design procedure for decentralized feedback controllers in
multi-axis motion systems is developed. The decentralized
feedback controller in each axis is constructed in an add-
on structure that enables interpretability in the optimized
feedback controllers. The parameters are designed by fre-
quency response data-driven iterative convex optimization
for considering the coupling dynamics between each axis.
The performance improvement is validated through numerical
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Fig. 10. Eigenvalue loci with example ( ), initial ( ), and optimized ( ) controllers. 6dB modulus margins are shown as black solid circles ( ).
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Fig. 11. Cumulative Amplitude Spectrum (CAS) errors from high to low frequency with example ( ), initial ( ), and optimized ( ) controllers.
Vertical black dotted lines ( ) correspond to resonance frequencies of designed resonant filters.

simulation based on experimental data from a 3-DOF high-
precision motion system. Ongoing research focuses on the
nonlinear optimization with the coefficients in the denominator
of the feedback controller and the practical design procedure
of the initial parameter in closed-loop stable conditions.
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