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Vibration suppression control in vehicles is important for ride comfort. In vehicle electrification, the use of an
in-wheel motor as an actuator for vibration suppression has attracted attention as an alternative to active suspen-
sion systems. However, a model-free conventional controller design method cannot sufficiently suppress vibration
at the most significant frequencies (4 Hz to 8 Hz) because of mechanical resonance. In this study, we analyze the
frequency response of an experimental vehicle. Using the identified frequency response of the vehicle, we design a
pre-compensation filter based on the desired vibration suppression performance characteristics. The vibration suppres-
sion performance improved with the experimental vehicle at target frequencies from 4 Hz to 8 Hz.

Keywords: vibration suppression control, vehicle motion control, electric vehicle, in-wheel motor, model-based design, ride com-
fort

1. Introduction

In recent years, electric vehicles (EVs) have attracted much
attention as a result of increasing environmental awareness.
EVs have high motion performance because of their motor
characteristics. Electric motors have three significant advan-
tages over internal combustion engines: their torque response
is several hundred times faster and more accurate than that of
the internal combustion engine, their output torque can be di-
rectly measured from the motor current value, and distributed
small motors enable flexible arrangements (1). By utilizing
these features effectively, advanced vehicle motion control
becomes possible (2) (3).

In particular, the distributed arrangement of motors enables
various drivetrain configurations in EVs. One such configu-
ration is an in-wheel motor (IWM) system in which motors
are mounted in each wheel. The IWM system has the advan-
tages of reducing the total weight of a drivetrain and increas-
ing the freedom of interior layout design (4). From a control
perspective, torque-vectoring enables higher motion perfor-
mance, and the shorter driveshaft removes low-frequency res-
onances which create a substantial limitation in control (5) (6).

To improve motion performance and ride comfort, several
vibration suppression control methods that lie in several Hz
bands have been proposed (7)–(9). However, the IWM system
increases the unsprung weight and causes deterioration of
ride comfort over 4 Hz (10) (11). To solve this problem, studies
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(a) Experimental vehicle. (b) IWM unit.

Fig. 1. Experimental vehicle with IWM units

on vibration suppression for the unsprung vertical axis mode
and the longitudinal axis mode that lay in a higher frequency
band (10 Hz and above) have been conducted (12)–(14).

These vibration suppression control methods at high band-
widths use the high torque responsiveness of the IWM sys-
tem. As described above, extensive research using the IWM
system has been carried out to suppress vibration in a wide
frequency range (15).

Katsuyama et al. proposed triple skyhook (tSH) control,
which is a vertical vibration suppression control method (16).
This method has the potential of suppressing an extensive
range of frequency vibration but uses a lowpass filter (LPF)
with a low cutoff frequency to stabilize the feedback con-
trol system. The low-cutoff-frequency LPF limits the gain
and delays the phase of the target frequency 4 Hz to 8 Hz and
worsens the vibration suppression performance. Therefore,
it is desired to stabilize the control system without using a
low-cutoff-frequency LPF.

In this paper, we analyze vehicle vibration using a quarter-
car model and identify the frequency response of an experi-
mental vehicle, which is described in section 2. In section 3,
we reveal the problem of the conventional method. In section
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Fig. 2. Quarter-car model

Table 1. Vehicle model parameter definitions

Symbol Meaning Symbol Meaning

m1 Quarter unsprung mass m2 Quarter sprung mass
ks Spring stiffness cs Damping coefficient
kt Tire stiffness ct Tire damping coefficient
z0 Road displacement z1 Unsprung mass displacement
z2 Sprung mass displacement Fd Driving force
θ Angle of instant suspension rotation Fc Suspension reaction force
r Radius of tire T Motor torque

Fig. 3. Suspension reaction force

4, we propose the design method of a pre-compensation filter
for suppressing the mechanical resonance excitation, which
causes instability, and improving the vibration suppression
performance. We can design the pre-compensation filter with
desired frequency characteristics using a sensitive function.
As an example, we designed the pre-compensation filter to
suppress the vibration at 4 Hz to 8 Hz, which is most signif-
icant for drivers (17). In section 5, we conducted experiments
and validated the effectiveness of the proposed model-based
filter design method.

2. Model and Experimental Vehicle Analysis

2.1 Experimental Vehicle with IWM We use the ex-
perimental vehicle shown in Fig. 1(a). The experimental ve-
hicle has four IWM units shown in Fig. 1(b) and is equipped
with four vertical acceleration sensors on the sprung mass
above each wheel. The rear left part of the experimental ve-
hicle is analyzed as a quarter-car model described in the fol-
lowing sections.
2.2 Vehicle Vibration Model The vehicle vibration

is analyzed by the quarter-car model as shown in Fig. 2. This
model consists of a quarter sprung mass, a quarter unsprung
mass, suspension, and a tire. The definition of each variable
is shown in Table 1. Fc is a suspension reaction force, which
is described in section 2.3 and Fig. 3.

The motion equations of the quarter-car model are given as
follows:

Fig. 4. Frequency response of the quarter-car model

Fig. 5. Frequency response from motor torque to accel-
eration of sprung mass

m2z2s2 = (css+ks)(z1−z2) + Fc, · · · · · · · · · · · · · · · · · (1)

m1z1s2 = −(css+ks)(z1−z2) + (cts+kt)(z0−z1) − Fc.

· · · · · · · · · · · · · · · · · · · · (2)

The transfer function model from motor torque to sprung
mass acceleration of the quarter-car model is given as shown
in (3), and its Bode diagram is shown in Fig. 4.

Using general passenger vehicle parameters, this transfer
function has two resonances around 1.3 Hz and 10 Hz and
one anti-resonance around 9.9 Hz.

We use the grey box modeling in the system identification.
From the result of the quarter-car model analysis, the fre-
quency response of the experimental vehicle can be fitted to
the sum of two resonance modes.

The first resonance comes from sprung mass and sus-
pension stiffness. The second resonance comes from un-
sprung mass and tire stiffness. When the passengers’ weight
changes, the first resonance frequency changes slightly.
However, the second resonance frequency does not change.

Though details will be described in section 4, the second
resonances cause instability in the feedback control system.
The resonance which is suppressed by the filter is unaffected
against passengers’ weight change.
2.3 Suspension Reaction Force The suspension

reaction force Fc is defined as the vertical element of
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z̈2

Fc
=

s2(m1s2 + ct s + kt)
m1m2s4 + {(m1 + m2)cs + m2ct}s3 + {(m1 + m2)ks + m2kt + csct}s2 + (cskt + ctks)s + kskt

· · · · · · · · · · · · · · · · · · · · · (3)

P(s) = 6 × 10−3s2
(

0.7
s2 + 6.786s + 127.9

+
0.3

s2 + 32.04s + 2852

)
e−35×10−3 s · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

suspension internal forces caused by the driving force.
Fig. 3 shows the lateral view of the simplified kinematic

model of a vehicle with suspension reaction forces. The arm
between the sprung and unsprung masses has a structure that
rotates around the instant center of rotation (ICR). The driv-
ing force working on the tire in the longitudinal direction
causes a moment in the arm about the ICR. The vertical force
that balances the moment of the driving force is then gener-
ated.

Assuming that the angle between the ground and ICR of
the arm is θ, the magnitude of the driving force is Fd, the slip
ratio is a constant, and the suspension reaction force Fc in the
vertical direction can be calculated as follows:

Fc = Fd tan θ = rT tan θ. · · · · · · · · · · · · · · · · · · · · · · · · · (5)

2.4 System Identification of Experimental Vehicle
with IWM We identify the frequency response from the
rear left wheel motor torque to the corresponding sprung ver-
tical acceleration using a multi-sine input (18). When the multi-
sine input is applied to the rear left wheel motor, the remain-
ing wheels’ motor torques are set to 0. The identified fre-
quency range is from 0.1 Hz to 10 Hz, which is the torque
control bandwidth of the experimental vehicle. The identi-
fied frequency response and its fitting line are displayed in
Fig. 5. This frequency characteristic has two resonances and
one anti-resonance. The characteristic is the same as the
quarter-car model. The frequency response function (FRF)
is fitted using deadtime and the sum of several modes. The
deadtime is estimated as 35 ms, and the resonance frequen-
cies are estimated as 1.8 and 8.5 Hz. The total FRF P(s) is
expressed in equation (4).

3. Vibration Suppression Control

3.1 Triple Skyhook Control The tSH control feeds
back the vertical displacement, velocity, and acceleration of
the sprung mass (16).

The transfer function of the quarter-car model from z1 to z2
is shown as follows:

z2 =
css + ks

m2s2 + css + ks
z1. · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

Since only the second derivative of the sprung mass dis-
placement z̈2 is measured, the control input is calculated from
that.

Fc = −α
m2s2 + css + ks

s2 z̈2D(s), · · · · · · · · · · · · · · · · · · (7)

where α is the control gain, and D(s) is a pre-compensation
filter. The pre-compensation filter consists of LPF for sta-
bilization and HPF for eliminating integrated drift and road
surface gradient effect in the conventional method. The low-
cutoff-frequency LPF worsens vibration suppression perfor-
mance. In this paper, we do not use an HPF to make it easier

Fig. 6. Concept of triple skyhook control (Dotted lines
express virtual elements of the control.)

Fig. 7. Overall feedback control system block diagram

to compare the filter effect corresponds to the LPF. An HPF
does not change the gain or phase over its bandwidth and does
not affect LPF equivalent pre-compensation filter design. We
describe the conventional and proposed pre-compensation fil-
ter in section 3.2 and 4.1 in detail.

The transfer function of the quarter-car model from z1 to z2
with this input is expressed as follows:

z2 =
css + ks

(m2+α2D(s))s2 + (cs+α1D(s))s + (ks+α0D(s))
z1.

· · · · · · · · · · · · · · · · · · · · (8)

The control input can change the three parameters of
the denominator in equation (8). When α2 = αm2,α1 =
αcs,α0 = αks, the tSH control method multiplies z2 by
1/(1 + αD(s)) compared to the model without control. Phys-
ically, this means that the sprung mass is hooked with three
virtual elements: spring, damper, and inerter (19), as shown in
Fig. 6.

The overall feedback control system block diagram is dis-
played in Fig. 7. tSH control with a pre-compensation filter
D(s) is applied to the plant.
3.2 Conventional Model-free Filter Stabilization If

we apply the tSH control without any pre-compensation fil-
ter to the vehicle plant, the controller excites the mechanical
resonance. The conventional tSH control uses a low cutoff
frequency such as 3 Hz LPF as a filter D(s) to suppress the
mechanical resonance. However, a low cutoff frequency LPF
delays the phase at 4 Hz to 8 Hz. Fig. 8 shows the Nyquist
plots of the identified plants with tSH control with LPF.
In Nyquist plots, the sensitive function corresponds to the
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Fig. 8. Nyquist plots of plants with tSH control with
LPF

Fig. 9. Filter design procedure

inverse of the distance between the Nyquist plots and a
(−1, 0j) point. The phase delay at 4 Hz to 8 Hz move the plots
close to the (−1, 0j) point and worsens the sensitive function.
High sensitive function means that the controller cannot sup-
press the vibration disturbance very well at that frequency.

The conventional method uses the high-pass filter (HPF) to
eliminates the effect of road slopes. This paper does not use
it to make it easier to compare the LPF effect. Because HPF
does not change gain nor phase over the bandwidth, there is
no effect of HPF over bandwidth, such as 0.6 Hz.

4. Proposed Filter Design Method for tSH Con-
trol Method

4.1 General Filter Design Method We design pre-
compensation filters based on the identified frequency re-
sponse fitting data. The design procedure is described below,
and its overview is shown in Fig. 9.
Step 1 Apply the tSH control method without filters to the

vehicle plant.
Step 2 Lower the gain over the identified bandwidth

(greater than 10 Hz) using the high-cutoff-frequency
LPF.

Step 3 Stabilize the gain of the identified resonance at
10 Hz using notch filters.

Step 4 Lead the phase of the target frequency at 4 Hz to
8 Hz to lower the sensitive function.

Step 5 Tune the tradeoff of the gain and phase based on the
sensitive function.

The transfer functions of the filter components are ex-
pressed as follows:

LPF (e.g. 2nd order Butterworth LPF)

DLPF(s) =
w2

c

s2 + 2wcs + w2
c
, · · · · · · · · · · · · · · · · · · · · · · · (9)

where wc is a cutoff frequency.
Notch filter:

Dnotch(s) =
s2 + 2dζwns + w2

n

s2 + 2ζwns + w2
n
, · · · · · · · · · · · · · · · · · · (10)

where d is a width parameter, ζ is a depth parameter, and
wmax is the center angular frequency.

Phase lead filter:

Dlead(s) =
T s + 1
aT s + 1

, · · · · · · · · · · · · · · · · · · · · · · · · · · · · (11)

where

a =
1 − sinφmax

1 + sinφmax
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (12)

T =
1√
awm
, · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

φmax is the maximum lead phase, and wm is the center angular
frequency.

This procedure is applicable for all wheels independently.
However, the adjustment is also assumed to be needed for
mutual interference between each wheel.
4.2 Application of Filter Design for Experimental Ve-

hicle This section shows a filter design example for the
experimental vehicle. Fig. 10(a) shows the Nyquist plots of
the plants with the tSH control with no filters (Step 1). This
case is unstable around 15 Hz and 43 Hz. Because the sys-
tem identification bandwidth is 10 Hz, we lower the gain over
10 Hz using a high-cutoff-frequency LPF for gain stabiliza-
tion and model error suppression (Step 2). In this case, we
apply the second-order Butterworth LPF, whose cutoff fre-
quency is 10 Hz. Next, Fig. 10(b) shows the Nyquist plots
of the plants with the tSH control with only a high-cutoff-
frequency LPF. This case is unstable because of the reso-
nance at 9.5 Hz, which is under the system identification
bandwidth. This resonance comes from unsprung mass and
tire stiffness. Therefore the resonance frequency does not
change against the passenger weight change. A notch filter
should stabilize this identified resonance by the gain (Step
3). The notch filter strength has a tradeoff between gain sta-
bility around 9.5 Hz and phase delay instability under 9.5 Hz.
We can now stabilize the tSH control. Finally, we design the
phase lead filter to lower the sensitive function (Step 4). In
this example, we lead the phase most at 4 Hz to 8 Hz, which
is significant for the driver’s ride comfort (17). The stronger the

D(s) =
632

s2 + 2 × 63s + 632

s2 + 2 × 2.6 × 0.19 × 66s + 662

s2 + 2 × 0.19 × 66s + 662

0.055s + 1
0.17 × 0.055s + 1

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)
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(a) Step 1: Nyquist plots of the plants with tSH control with no filter. (b) Step 2: Nyquist plots of the plants with tSH control with LPF.

(c) Step 3: Nyquist plots of the plants with tSH control with LPF and notch filter. (d) Step 4, 5: Nyquist plots of the plants with tSH control with LPF, notch
filter, and phase lead filter.

Fig. 10. Nyquist plots of filter design procedure

phase lead filter is, the lower the sensitive function at 4 Hz to
8 Hz is. However, It is needed to tune the parameters in a
tradeoff with gain instability over the phase lead filter band-
width. The transfer function of the designed filter is shown
in (14).

The Nyquist diagram of the plants with the conventional
LPF and the proposed filter is displayed in Fig. 11. The point
of 6 Hz of the proposed filter, which is in the vibration sup-
pression target frequency, is farther from the −1 point than
the conventional LPF. This indicates the low-sensitive func-
tion at 6 Hz, as shown in Fig. 12. There exists a tradeoff be-
tween the sensitive function of the target frequency (4 Hz to
8 Hz) and other frequencies such as 35 Hz in this case. Thus,
it is necessary to tune the sensitive function based on the de-
sired vibration suppression frequency characteristics.

5. Experimental Validation

The experimental vehicle with the tSH control with the
conventional LPF and the proposed filter was run on a road
with a random surface at 60 km/h. The designed controller is
applied for the rear left wheel motor. The conventional LPF
is a first-order LPF with a cutoff frequency of 3 Hz, and the
proposed filter is designed as discussed in the previous sec-
tion. The gain α of the tSH control is set to α = 1.5.

The power spectral density (PSD) of the vertical

Fig. 11. Nyquist plots of plants with tSH control with
filter

acceleration of the sprung mass is shown in Fig. 13. The 4 Hz
to 8 Hz vibration is the most significant for drivers (17). As in
the filter design, the vibration at the target frequency 4 Hz
to 8 Hz of the proposed filter is lower than that of the con-
ventional LPF. There exists a tradeoff between 4 Hz to 8 Hz
and 25 Hz to 30 Hz. 25 Hz to 30 Hz vibrations are less crit-
ical than 4 Hz to 8 Hz for drivers. Although 25 Hz to 30 Hz
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Fig. 12. Sensitive function of plants with tSH control
and filter

Fig. 13. PSD of acceleration of sprung mass

vibrations are also perceived as noise, the noise was not a
problem in the sensory test. It may be the need to suppress the
25 Hz to 30 Hz noise in the future when other vehicle noises
get more silent.

The difference of the exciting frequency around 30 Hz be-
tween the design process and the experimental result comes
from phase modeling error. There exists phase modeling er-
ror over 10 Hz because a low-dimensional fitting model is
used. However, the phase difference does not matter in the
design process because the high bandwidth gain is lowered
by the low pass filter as a whole.

The experimental results show the validation of the model-
based design of the pre-compensation filter for realizing de-
sired frequency characteristics.

6. Conclusion

This paper proposed the model-based design of a pre-
compensation filter for the tSH control method. The con-
ventional tSH control method uses a low-cutoff-frequency
LPF to stabilize the system. However, a low-cutoff-frequency
LPF delays the phase at the target frequency of 4 Hz to 8 Hz,
which worsens the vibration suppression performance. In
the proposed model-based design method, we can design a
pre-compensation filter to realize the desired frequency char-
acteristics based on the identified frequency response of the

vehicle. As a result, it is possible to increase the cutoff fre-
quency of the LPF and improve the vibration suppression per-
formance at the target frequency. The match between the sen-
sitive function and the experimental PSD results validates the
proposed model-based filter design method. In the experi-
mental results, the proposed method improved the vibration
suppression performance at 4 Hz to 8 Hz, which is most sig-
nificant for driver ride comfort. In the filter design process,
there exists a tradeoff between several frequencies. By iden-
tifying the driver’s wide range of vibration sensitivity, we can
optimize overall frequency characteristics. In this paper, the
mutual interference between each wheel is not considered.
The integrated filter design of all four wheels will be future
work.
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